Symmetry operators of twistor spinors and harmonic spinors can be constructed from conformal Killing-Yano forms. Transformation operators relating twistors to harmonic spinors are found in terms of potential forms. These constructions are generalized to gauged twistor spinors and gauged harmonic spinors. The operators that transform gauged twistor spinors to gauged harmonic spinors are found. Symmetry operators of gauged harmonic spinors in terms of gauged conformal KillingYano forms are obtained. Algebraic conditions to obtain solutions of the Seiberg-Witten equations are discussed.
I. INTRODUCTION
In a spin manifold M , two basic first-order differential operators can be defined on the spinor bundle which are Dirac operator and twistor operator. They are defined as projections on the tensor product of the tangent bundle and spinor bundle and they can be written in terms of the Clifford multiplication and the Levi-Civita connection [1, 2] . The spinor fields that are in the kernels of these operators have importance in mathematical physics. The set of spinor fields which are in the kernel of the Dirac operator corresponds to harmonic spinors and they are solutions of the massless Dirac equation. Twistor spinors are in the kernel of the twistor operator and they satisfy the twistor equation which appear in the supersymmetric field theories as the equation satisfied by the supersymmetry generators [3, 4] . Moreover, the common property of the massless Dirac equation and the twistor equation is that they have conformal covariance. So, the conformal symmetries of the ambient manifold is related to harmonic spinors and twistor spinors. The spinor bilinears of twistor spinors correspond to conformal Killing-Yano (CKY) forms which are antisymmetric generalizations of conformal Killing vector fields to higher degree forms [5] . CKY forms are also used in the construction of symmetry operators of harmonic and twistor spinors [6] [7] [8] . Symmetry operators of an equation are defined as the operators that take any solution of the equation and give another solution. On the other hand, an operator that transform twistor spinors to harmonic spinors is proposed in [9] in terms of potential forms which are generalizations of the solutions of the generalized Laplace equation to higher degree forms.
Dirac and twistor operators can be generalized to manifolds with Spin c structure. A Spin c structure determines a bundle over the manifold whose sections correspond to U (1)-valued spinors. The Dirac operator constructed from the generalized connection induced on the Spin c bundle and includes the U (1) gauge connection is called the gauged Dirac operator. The spinors which are in the kernel of the gauged Dirac operator are called gauged harmonic spinors. Similarly, gauged twistor operator can also be defined in the same way and its kernel consists of gauged twistor spinors. The massless gauged Dirac equation appears in the set of Seiberg-Witten equations which also correspond to the field equations of N = 2 supersymmetric Yang-Mills theories [10] . Gauged harmonic spinors that satisfy an extra algebraic condition correspond to the solutions of the Seiberg-Witten equations and determine topological invariants in four-dimensional manifolds. Gauged twistor spinors also play important roles in supersymmetric field theories, since they generate the preserved supersymmetries of supersymmetric and superconformal field theories in curved backgrounds [11] [12] [13] . Although the symmetry operators of gauged twistor spinors are obtained in constant curvature manifolds in [14] , the similar construction for gauged harmonic spinors is still an open problem. Moreover, the general transformation operators which can determine relations between gauged twistor spinors and gauged harmonic spinors are also not known.
In this paper, we start by considering twistor spinors and harmonic spinors and construct the transformation operators relating them. We give the explicit proofs of the constructions in terms of generalized Laplace functions and also of potential forms in n-dimensions. In that way, we find the first-order, second-order and third-order transformation operators, which all reduce to first-order ones, from twistor spinors to harmonic spinors. Then, we continue to the investigation with gauged twistor spinors and gauged harmonic spinors. We prove that the transformation operators from gauged twistor spinors to gauged harmonic spinors can be constructed in terms of generalized gauged Laplace funcions and gauged potential forms in constant curvature manifolds. We also show that the symmetry operators of gauged harmonic spinors can be written in terms of gauged CKY forms in constant curvature manifolds. As a result, we construct symmetry operators of gauged twistor spinors and gauged harmonic spinors and the first-order, second-order and third-order transformation operators, which all reduce to first-order ones, relating them in constant curvature manifolds. After that, we find the explicit algebraic conditions to obtain Seiberg-Witten solutions from gauged harmonic spinors in terms of symmetry and transformation operators which are written by using CKY forms, gauged potential forms and gauged CKY forms in four dimensions.
The paper is organized as follows. In section 2, we give the basic definitions and equalities which are used throughout the text. Section 3 contains the construction of the symmetry operators of twistor spinors and harmonic spinors. The proofs of the transformation operators in terms of generalized Laplace functions and potential forms are also given. In section 4, gauged twistor spinors and gauged harmonic spinors are considered and the proofs of the transformation operators from gauged twistor spinors to gauged harmonic spinors and the symmetry operators of gauged harmonic spinors are shown. Section 5 includes the algebraic conditions to obtain Seiberg-Witten solutions in four dimensions from the gauged harmonic spinors and transformation operators. Section 6 concludes the paper.
II. PRELIMINARIES
In this section, we start with the basic definitions and identities used in the proofs throughout the text [15] [16] [17] . Let us consider an n-dimensional manifold M with orthonormal frame basis {X a } and the dual co-frame basis {e a } with the property e a (X b ) = δ a b where δ a b denotes the Kronecker delta symbol and a, b = 1, ..., n. The exterior bundle ΛM of differential forms on M gains a Clifford algebra structure with the following identity
where . denotes the Clifford product and g ab are the components of the metric tensor on M . With this algebra structure, the bundle of differential forms correspond to the Clifford bundle Cl(M ) on M and the sections of this bundle are called Clifford forms. The Clifford product of a 1-form x and a p-form α can be written in terms of the wedge product ∧ and the interior derivative i X that corresponds to the contraction with respect to the vector field X as follows
where x is the metric dual of x and η is the main automorphism of the exterior algebra that acts on a p-form α as ηα = (−1) p α. In general, the Clifford forms are inhomogeneous differential forms and the Clifford bracket of two Clifford forms α and β is written in terms of the wedge product as
where
..i Xa k and ⌊⌋ denotes the floor function. Especially, if α is a homogeneous 2-form, then the Clifford bracket simplifies to
Here and throughout the text, we use the Einstein summation convention. Moreover, the Clifford product has the following property for a p-form α e a .α.e a = (−1)
The Levi-Civita connection ∇ on the Clifford bundle determines a covariant derivative ∇ X with respect to the vector field X which is compatible with the Clifford product
for α and β are arbitrary Clifford forms. The exterior derivative operator d and the co-derivative operator δ can be written in terms of covariant derivative as
for zero torsion. By using them, the Hodge-de Rham operator d is defined on Clifford forms in the following form
From the connection on the Clifford bundle, the curvature operator is written as
for vector fields X and Y . The action of the curvature operator on an arbitrary Clifford form α can be written in terms of the curvature 2-forms R ab
The other curvature characteristics defined from the curvature 2-forms are Ricci 1-forms P a = i X b R ba and the curvature scalar R = i X a P a . They satisfy the following identities for zero torsion
The curvature endomorphism I(R) is defined from the curvature operator as
and its action on a Clifford form α is
Moreover, the square of the Hodge-de Rham operator defined in (9) can be written in terms of the curvature endomorphism as follows
where ∇ 2 is the trace of the Hessian
and d 2 corresponds to the Laplace operator ∆
In a manifold with a spin structure, a spinor bundle S(M ) on M can be induced from the Clifford bundle and the sections of the spinor bundle are called spinor fields. Since the spinors correspond to the elements of the minimal left ideal of the Clifford algebra, the Clifford forms act on spinor fields by the Clifford multiplication from the left. The connection defined on the Clifford bundle in (7) induces a connection on the spinor bundle which we also denote as ∇ and is compatible with the Clifford product of two arbitrary spinor fields φ and ψ
From the spinor covariant derivative, the Dirac operator D acting on spinors is defined as follows
The curvature operator on spinor fields is also defined as in (10) and its action on a spinor field ψ is given by
The square of the Dirac operator acting on an arbitrary spinor can be written as
The spinor fields that are in the kernel of the Dirac operator are called harmonic spinors and satisfy the following massless Dirac equation
and similarly, the eigenspinors of the Dirac operator with non-zero eigenvalue correspond to the solutions of the massive Dirac equation
where m is a real number. If a manifold M has a Spin c structure, then one can define the Spin c bundle S c (M ) whose sections correspond to U (1)-valued spinor fields. The gauged connection on S c (M ) denoted by ∇ is defined from the Levi-Civita connection ∇ and the gauge connection 1-form A as
for an arbitrary vector field X. One can choose normal coordinates {X a } that the gauged connection satisfies the following identities
Similar to the operators d and δ defined in (8), the gauged exterior derivative and gauged co-derivative operators are defined as
and they can be written in terms of d and δ in the following form
where A is the metric dual of the 1-form A. Similarly, gauged Hodge-de Rham operator acting on Clifford forms is written as
However, unlike the case of d and δ that satisfy d 2 = δ 2 = 0, the squares of gauged exterior and gauged co-derivatives are written in terms of the gauge curvature 2-form F = dA as follows
and the gauged Laplace operator is defined as
Gauged curvature operator is defined from the gauged connection as
and it can be written in terms of the curvature operator in (10) and the gauge curvature F as follows
Gauged Dirac operator D acting on Spin c spinors is written in terms of the ordinary Dirac operator as
and the square of the gauged Dirac operator can be written in the following form
Gauged harmonic spinors correspond to the spinor fields which are in the kernel of the gauged Dirac operator and satisfy the massless gauged Dirac equation
and the eigenspinors of the gauged Dirac operator are solutions of the massive gauged Dirac equation
with m a real number.
III. TWISTORS TO HARMONIC SPINORS
In an n-dimensional spin manifold M , one can define two different first-order differential operators on spinor fields. The first one is the Dirac operator defined in (19) and the second one is the Penrose operator written as follows
with respect to a vector field X and its metric dual X. The spinor fields that are in the kernel of the Penrose operator are called twistor spinors and they satisfy the following twistor equation 
where the 1-form K a is
and C ab is the conformal 2-forms defined as
Here, e ab denotes e a ∧ e b . Eq. (43) implies that twistor spinors can exist on conformally-flat manifolds. Solutions of the twistor equation from a known solution can be obtained by using the symmetry operators. It is known that the Lie derivative L K with respect to a conformal Killing vector field K is used in the construction of the following symmetry operator of the twistor equation [7] 
where λ is the function appearing in the definition of K with respect to the metric g; L K g = 2λg. Moreover, CKY forms which are antisymmetric generalizations of conformal Killing vector fields to higher-degree forms can also be used in the construction of more general symmetry operators of the twistor equation in constant curvature and Einstein manifolds. A p-form ω is called a CKY p-form, if it satisfies the following CKY equation in n-dimensions
The integrability condition of the CKY equation is given by
So, the following operator defined in terms of CKY p-forms is a symmetry operator of the twistor equation in constant curvature manifolds [8] 
Namely, if ψ is a twistor spinor, then L ω ψ also satisfies the twistor equation
On the other hand, the same operator defined in (49) is again a symmetry operator of the twistor equation in Einstein manifolds. However, in that case it is constructed out of normal CKY forms which are CKY forms that satisfy (47) and have the following integrability condition
where K a is defined in (44). Eq. (51) is a special case of (48) and all CKY forms are normal CKY forms in constant curvature manifolds. Indeed, the symmetry operator defined in (49) gives way to define the extended conformal superalgebras constructed out of twistor spinors and CKY forms by considering the graded Lie algebra structure of CKY forms and the higher-degree Dirac currents of twistor spinors as is shown in [7, 8, 18] .
A. Transformation operators
By using twistor spinors, the operators that transform the solutions of the massless field equations with different spin to each other can be constructed. For example, a spin raising operator that takes a solution of the massless spin-0 field equation and gives a solution of the massless spin-1 2 Dirac equation can be written in terms of twistor spinors [19] . This operator can also be thought as an operator that transforms the twistor spinors to harmonic spinors by using the functions that satisfiy a massless field equation. Let us consider a function f that satisfies the following generalized Laplace equation in n-dimensions
and a twistor spinor ψ that satisfies (40). Then, the following operator
transforms the twistor spinors to harmonic spinors. Namely, if ψ is a twistor spinor, then L f ψ satisfies the massless Dirac equation DL f ψ = 0. The proof of this statement can be seen as follows
where we have used the definitions of Hodge-de Rham and Dirac operators in (9) and (19) . Since f is a function, it satisfies δf = 0 and df = df with ddf = −δdf = ∆f . From the equations (40) and (41), we obtain
where we have used eq. (6) in the first line and eq. (52) in the second line.
The natural question to ask at this point is that if there are more general differential forms that transform twistor spinors to harmonic spinors other than the functions satisfying (52). A proposal for an operator of this type is given in [9] in terms of potential forms. We consider a general first-order operator written in terms of a p-form α and acting on a twistor spinor ψ
where Ω is an inhomogeneous Clifford form. We need the condition that L α ψ must satisfy the massless Dirac equation DL α ψ = 0. So, we can write explicitly from (56) as
From the equality e a .∇ Xa α = dα and the equations (40) and (42), we have
Here, we have used the generalization of eq. (6) that is e a .Ω.e a = (n − 2Π)ηΩ where η is the main automorphism of the exterior algebra defined after eq. (3) and ΠΩ = e a ∧ i Xa Ω gives the degree of the form. Hence, if L α ψ would be a harmonic spinor, then we have two conditions that have to be satisfied by α and Ω
As a special case, in even dimensions n = 2k, we can choose Ω as a k-form (a middle form) and (59) gives dα = −δα and this is only possible for α = 0 since α is a homogeneous p-form. One can see from (60) that Ω is a harmonic form in that case, namely it satisfies dΩ = δΩ = 0. So, from the operator (56), one can draw the conclusion that in even dimensions, for a harmonic middle form Ω and a twistor spinor ψ, the spinor Ω.ψ is a harmonic spinor.
In general, if we choose α in (56) as a non-zero p-form, then Ω is a sum of (p + 1) and (p − 1)-forms as can be seen from (59). So, eq. (59) can be written in the following form
By applying the Hodge-de Rham operator d to the both sides of (61), we obtain
By substituting (62) in (60), the conditions to obtain a harmonic spinor turn into the following equation
The right hand side of (63) can be written in a more explicit way as
where we have used (44) in the last line. So, eq. (63) is written as follows
Rα.
The solutions of this equation are called potential forms. The name derives from the properties of the solutions for the special choices of p. For example, in even dimensions, for p = n 2 − 1, α is a potential form for the middle-form Maxwell equations and for p = n 2 + 1 it is a co-potential form for the same set of equations [9, 20] . Especially, for p = 0, eq. (65) reduces to (52), so it is a generalization of (52) to higher-degree forms.
Then, we obtain the result that for a potential p-form α which satisfies (65) and a twistor spinor ψ, the spinor
is a harmonic spinor.
B. General picture
CKY froms defined in (47) and used in the construction of the symmetry operators of twistor spinors in constant curvature and Einstein manifolds appear also in the construction of symmetry operators of the massless Dirac equation in all backgrounds [6] . So, one can obtain a harmonic spinor from a known harmonic spinor ψ and a CKY p-form ω by using the following symmetry operator
Namely, we have DL ω ψ = 0. A similar construction of symmetry operators for the massive Dirac equation can be done by using a subset of CKY forms that are called Killing-Yano (KY) forms which are antisymmetric generalizations of Killing vector fields to higher degree forms and satisfy the condition δω = 0 [21, 22] . In that way, from the investigations performed up to this point, we obtain three sets of transformation operators that take twistor spinors and give harmonic spinors. The first one is the first-order transformation operator from twistor spinors to harmonic spinors via potential forms α defined in (66)
The second set of operators are the second-order transformation operators which are the combinations of symmetry operators defined for twistors spinors in (49) and for harmonic spinors in (67) with the transformation operator in
The third set of operators are general third-order transformation operators from twistor spinors to harmonic spinors via CKY forms ω and potential forms α
Indeed, these second-order and third-order operators all reduce to other first-order operators since the integrability conditions (41-42) of twistor spinors show that the second-order derivatives of twistor spinors can be written in terms of the curvature characteristics of the manifold. 
IV. GAUGED TWISTORS TO GAUGED HARMONIC SPINORS
In this section, we generalize the analysis in the previous section to Spin c spinors and gauged connections. The supersymmetry generators of supersymmetric field theories coupled with supergravity are given by Spin c spinors called gauged twistor spinors [3, 4] . Gauged twistor spinors are solutions of the following gauged twistor equation written in terms of the gauged connection ∇ and the gauged Dirac operator D defined in (24) and (35)
Similar to the twistor spinors case, by applying the gauged covariant derivative operator to eq. (71), the integrability conditions of the gauged twistor equation can be obtained. The resulting integrability conditions are given as follows [14]
where F = dA is the gauge curvature 2-form. For the ungauged case A = 0, these reduce to the integrability conditions of twistor spinors in (41-43). The gauge curvature F can be determined by the last integrability condition (74) written in terms of the conformal 2-forms C ab [13, 23] . For example, in constant curvature manifolds, the conformal 2-forms vanishes C ab = 0 and this implies that the gauge curvature must be zero F = 0. So, this gives the result that the gauged twistor spinors defined with respect to flat connections (A = 0 and F = 0) can exist in constant curvature manifolds. Symmetry operators of gauged twistor spinors can also be constructed from CKY forms in constant curvature manifolds in a similar way to the case of twistor spinors. The following operator written in terms of the gauged Dirac operator D and CKY p-forms ω
is a symmetry operator for the gauged twistor spinors which is proved in [14] . This is only true for constant curvature manifolds and in that case we have flat connections with F = 0. So, for a gauged twistor spinor ψ and a CKY p-form ω in a constant curvature manifold, L ω ψ satisfies the gauged twistor equation
Note that, we do not need to use gauged CKY forms, which are defined as the solutions of the gauged CKY equation constructed from the gauged connection, in the construction of symmetry operators and using CKY forms is enough to construct them. On the other hand, since the spinor bilinears of twistor spinors correspond to CKY forms, the symmetry operators defined in (75) can also be used for generating gauged twistor spinors from ordinary twistor spinors [14] .
A. Transformation operators
One can also search for the transformation operators that take gauged twistor spinors and give gauged harmonic spinors as in the case of ungauged spinors. We start with a gauged twistor spinor ψ that satisfies (71) and we also demand that it is an eigenspinor of the gauge curvature 2-form F , namely F.ψ = γψ where γ is a real number. Then, we consider a function f that is a solution of the following generalized gauged Laplace equation written in n-dimensions
where γ is the real number defined above. We propose that the following operator written in terms of the gauged Dirac operator D and the gauged exterior derivative operator d as
is an operator that transforms gauged twistor spinors to gauged harmonic spinors. So, for a gauged twistor spinor ψ, which is also an eigenspinor of F , L f ψ satisfies the gauged harmonic spinor equation D L f ψ = 0. We can prove this as follows
where we have used the definitions of gauged Hodge-de Rham and gauged Dirac operators given in (29) and (35).
Since f is a function, we have df = df and
where we have used eq. (30) and e a . df + df.e a = 2i X a df in the last line. Since (i X a df ) ∇ Xa = ∇ df and ψ satisfies
and from the gauged twistor equation (71) and the integrability condition in (72) we reach to the result
where we have used eq. (77) in the last line.
As we have discussed above, in constant curvature manifolds, the gauge curvature 2-form F vanishes. So, the condition on the gauged twistor spinor ψ to be an eigenspinor of F is not necessary in that case. So, we can transform all gauged twistor spinors in constant curvature manifolds to gauged harmonic spinors by using the operator L f defined in (78) where f satisfies the following generalized Laplace equation
which reduces from (77) by taking γ = 0 and is a direct generalization of (52) to gauged connections. We can search for transformation operators that take gauged twistor spinors and give gauged harmonic spinors and generalize the operator (78) to general differential forms. To obtain such an operator, we consider the following
where Ω is an arbitrary inhomogeneous Clifford form. We need to find the conditions on α and Ω to have a gauged harmonic spinor, namely to satisfy the equation D L α ψ = 0. By applying D to (84) we obtain
where we have used (29) in the last line. From the gauged twistor equation (71) and the integrability condition (73), we can write
Ω.e a . Dψ
where we have used eq. (6) in the last line. So, to obtain a gauged harmonic spinor we have the following two conditions to be satisfied
For the special case of even dimensions, n = 2k, we can choose Ω a k-form (a middle form) and obtain α = 0 from (87). Then, (88) gives that Ω must be a gauged harmonic form that satisfies the equalities dΩ = 0 and δΩ = 0. So, from the operator defined in (84), we conclude the fact that for a gauged twistor spinor ψ and a gauged harmonic middle form Ω, the spinor Ω.ψ corresponds to a gauged harmonic spinor. For the general case of arbitrary dimensions and α a non-zero p-form, eq. (87) gives Ω as a sum of (p + 1) and (p − 1)-forms as follows
By applying d to both sides of (89) we obtain
where we have used d = d − δ in the last line. So, by substituting (88) in (90), one can write
By using the equalities (30) and (31) and the definition of K a with the calculation given in (64), we reach to the condition for obtaining a gauged harmonic spinor as follows
The terms in the second line which are written as Clifford products can be expanded in terms of wedge products by using the conventions defined in section 2. Hence, we have the following expressions
The condition (92) transforms into the following form after substituting (93) and (94) in it
The left hand side of (95) is a p-form and the first two lines of the right hand side are again p-forms. However, the last two lines of the right hand side are (p + 2)-form and (p − 2)-form, respectively. So, for the consistency of the condition (95), the last two lines of the right hand side must be zero, and this is possible for F = 0. Since the gauged connections are constructed out of the flat gauge potential 1-forms A in constant curvature manifolds as is discussed at the beginning of this section, the condition (95) can be satisfied consistently in constant curvature manifolds. In that case, the condition (95) to obtain a gauged harmonic spinor can be written as follows
where we have used the relations P a = R n e a in constant curvature manifolds and e a ∧ i Xa α = pα in the last line. The solutions of eq. (96) are called gauged potential forms and it is a direct generalization of eq. (65) to the gauged exterior derivative d and the gauged co-derivative δ.
So, we prove the fact that a gauged twistor spinor ψ can be transformed into a gauged harmonic spinor by using a gauged potential form α through the following transformation operator
in constant curvature manifolds.
where e ba = e b ∧ e a and we consider the antisymmetry of e ba to take the antisymmetric part of the first term on the right hand side and use the definition of the gauged curvature operator (33) and the gauged version of the trace of the Hessian (16) in normal coordinates. By writing the gauged curvature operator in terms of the ungauged one as in (34) and using the equality (36), eq. (106) turns into
where we have used e ba (i Xa i X b F ) = 2F and Dψ = 0 in the first line, eq. (20) in the second line and eq. (5) in the third line. Because of the pairwise symmetry of the components of the Riemann tensor, namely R abcd = R cdab , we have e ab .ω.R ab = R ab .ω.e ab . Moreover, this term can also be written in terms of the curvature endomorphism as given in (14) and we obtain
where we have used (34) in the last line. So, from the integrability condition (100) of the gauged CKY equation, we can finally write
The third term on the right hand side of (101) can be calculated explicitly as follows
where we have used d = d − δ and eq. (30). The calculation of the fourth term on the right hand side of (101) can also be maintained explicitly as
where we have used eq. (31). Now, we can sum up (105), (109), (110) and (111) and write eq. (101) explicitly in the following form
So, to obtain a gauged harmonic spinor, the right hand side of (112) must be zero and this implies F = 0. This condition is achieved in constant curvature manifolds. Then, we prove the result that the operator L ω defined in (98) and written in terms of gauged CKY forms ω is a symmetry operator of gauged harmonic spinors with flat connection in constant curvature manifolds.
In this section, we construct three sets of operators that transform gauged twistor spinors to gauged harmonic spinors which are relevant in constant curvature manifolds. These operators are generalizations of the operators defined in section 3 to the gauged case. The first set operators are the first-order operators defined in (97) which are written in terms of gauged potential forms α and act to a gauged twistor spinor ψ ψ −→ L α ψ.
The second set of operators are the second-order operators which are the combinations of symmetry operators defined for gauged twistors spinors in (75) and for gauged harmonic spinors in (98) with the transformation operator in (97) and written in terms of gauged potential forms α, CKY forms ω and gauged CKY forms ω
The third set of operators are general third-order transformation operators from gauged twistor spinors to gauged harmonic spinors via CKY forms ω, gauged CKY forms ω ′ and gauged potential forms α
As in the case of ungauged operators, these second-order and third-order operators also reduce to other first-order operators since the integrability conditions (72-73) of gauged twistor spinors show that the second-order derivatives of gauged twistor spinors can be written in terms of curvature characteristics of the manifold and the gauge curvature 2-form. Gauged harmonic spinors play an important role in the solutions of the Seiberg-Witten equations. Seiberg-Witten equations determine the topological invariants that classify four-dimensional manifolds and they are written in terms of Spin c spinors with an abelian gauge connection [10] . Gauged harmonic spinor equation is one of the Seiberg-Witten equations which are given as follows in four dimensions Dψ = 0 (116)
with respect to a Spin c spinor ψ and an abelian gauge connection A. Here, F + denotes the self-dual part of the gauge curvature 2-form F . The 2-form τ ψ is defined by [24] τ ψ = (e a .e b .ψ, ψ)e a ∧ e b + (ψ, ψ)e a ∧ e b
where ( , ) corresponds to the spinor inner product in four dimensions. Indeed, τ ψ is written in terms of 0-form and 2-form Dirac currents of ψ. p-form Dirac current of a spinor ψ is defined as (ψψ) p = (e a1 .e a2 ...e ap .ψ, ψ)e a1 ∧ e a2 ∧ ... ∧ e ap
where ψ denotes the dual spinor. So, we have τ ψ = (ψψ) 0 e a ∧ e b + (ψψ) 2 .
We obtain gauged harmonic spinors in section 4 by starting from twistor spinors and using CKY forms, gauged CKY forms and potential forms. We can search for the algebraic conditions to obtain Seiberg-Witten solutions from the found gauged harmonic spinors. In constant curvature manifolds we have F = 0 and the equation (117) turns into τ ψ = 0 in that case. Then, by starting with a gauged twistor spinor ψ, we obtain solutions of the Seiberg-Witten 
where α, ω and ω ′ are as in section 4.3. So, a gauged twistor spinor defined with respect to a flat connection can be transformed into a solution of the Seiberg-Witten equations, if it satisfies one of the conditions in (121-124); gauged harmonic spinors τ ψ = 0 GGGGGGGGGGGGGGGGGGGGGGGGGGA vanishing Dirac currents
Seiberg-Witten solutions

VI. CONCLUSION
We explicitly show that twistor spinors and harmonic spinors can be tranformed to each other by using the transformation operators constructed out of generalized Laplace functions and potential forms. Similar constructions are generalized to gauged twistor spinors and gauged harmonic spinors and we prove that the transformation operators are written in terms of generalized gauged Laplace functions and gauged potential forms in this case. We also find the symmetry operators of gauged harmonic spinors by using gauged CKY forms which generate gauged harmonic spinors from the known ones. Solutions of the Seiberg-Witten equations can also be obtained by using the found transformation and symmetry operators that satisfy some extra algebraic conditions.
The explicit construction of transformation operators from twistors to harmonic spinors can be handled by finding the CKY forms and potential forms of the ambient manifold. Since the second-order and third-order transformation operators defined in the paper reduce to first-order ones because of the integrability conditions of the twistor and gauged twistor equations, the symmetry operators acting on potential forms and gauged potential forms can be investigated from them. Through the commuting set of symmetry operators, one can also search for the general solutions of the potential and gauged potential equations. In that way, the construction of transformation operators in various constant curvature manifolds can be studied.
